In 6], Thomassen conjectured that if I is a set of k ? 1 arcs in a k-strong tournament T, then T ? I has a Hamiltonian cycle. This conjecture was proved by Fraisse and Thomassen 3]. We prove the following stronger result. Let T = (V; A) be a k-strong tournament on n vertices and let X 1 ; X 2 ; : : :; X l be a partition of the vertex set
Introduction
In 6], Thomassen conjectured that if I is a set of k ? 1 arcs in a k-strong tournament T, then T ? I has a Hamiltonian cycle. This conjecture was proved by Fraisse and Thomassen 3] . This result is sharp since the deletion of a set I of k arcs from a k-strong tournament may create a vertex of indegree or outdegree 0. However, the authors of 6] realized that, for some sets I, their bound was far from being the best possible (see, e.g., Section 5 in 6] ). The support is gratefully acknowledged.
In this paper, we prove the following stronger result. Let T = (V; A) be a k-strong tournament on n vertices and let X 1 ; X 2 ; : : :; X l be a partition of the vertex set V of T such that jX 1 j jX 2 j : : : jX l j. If k P l?1 i=1 bjX i j=2c + jX l j, then T ? l i=1 fxy 2 A : x; y 2 X i g has a Hamiltonian cycle. The bound on k is sharp (see Theorem 4.2) .
It is easy to see that the above theorem by Fraisse and Thomassen follows from our result. Indeed, let I be a set of arcs in a tournament T, let G be the undirected graph obtained by ignoring all orientations of the arcs of ThIi, the subgraph of T which has arc set I and no isolated vertices, and let Y 1 ; :::; Y m be the vertex sets of the connected components of G so that jY 1 j ::: jY m j. By A simple analysis of the last calculation shows precisely when the FraisseThomassen and our theorems provide the same value of strong connectivity of T { namely, when I consists of one tree, plus maybe some independent arcs. In all other cases our result gives a better bound. In particular, if ThIi is a union of (vertex) disjoint subtournaments of T of order n 1 ; :::; n m (3 n 1 ::: n m ), then, to guarantee that T ? I has a Hamiltonian cycle, we need T to be ( P m i=1 n i 2 + 1)-strong by the Fraisse-Thomassen theorem and to be (n m + P m?1 i=1 bn i =2c)-strong by our result.
Our proof is based on Ho mann's theorem on circulations in networks 4] and a theorem by the third author on minimal spanning 1-diregular subgraphs in semicomplete multipartite digraphs 7] . The proof of the FraisseThomassen theorem was also based on a non-trivial result, namely one from 5].
Terminology and notation
We shall assume that the reader is familiar with the standard terminology on graphs and digraphs and refer the reader to 1].
By a cycle and a path in a directed graph we mean a directed simple cycle and path, respectively. Let D be a digraph. V (D) (A(D)) denotes the vertex (arc) set of D. Two cycles Q and R (or paths) 
Preliminaries
In this section we describe some results which will be important tools for the proof of our main result (Theorem 4.1). The following result is a very special case of a theorem proved by the third author in 7]. Theorem 3.1 Let D be a semicomplete p-partite digraph with colour classes X 1 ; X 2 ; :::; X p and let F be a spanning cycle subgraph of D with the minimum possible number of cycles t. Then either t = 1, or the cycles of F can be labeled C 1 ,..., C t such that the following holds: There is a pair of indices q; q 0 2 f1; 2; :::; pg (q and q 0 may be equal), such that every arc to C 1 from the outside is in (X ? q ; X + q ) D and every arc from C t to outside is in ( (c Assume that W \ X j = ;. Therefore, there is no (x; y)-path in D j , and at most jX i j ? 1 disjoint (x; y)-paths in D i;j , since each (x; y)-path in D i;j must include a vertex from X i ? x. This is a contradiction against (a), since bjX i j=2c + djX l j=2e jX i j > jX i j ? 1. Hence we have proved that there exists a (x; y)-path in D for an arbitrary choice of distinct x and y, which means that D is strong. It is easy to see that every feasible integer circulation in N corresponds to a spanning cycle subgraph in D and vice versa. Hence, by Theorem 3.2, it su ces to prove that for every proper subset U of V 0 V 00 we have c( U; U) `(U; U).
Assume that c( U; U) <`(U; U), where U is a proper subset of V 0 V 00 . and we obtain a contradiction as above.
Proof of (e): Assume that D is not Hamiltonian. We rst observe that D is a semicomplete multipartite digraph with colour classes X 1 ; X 2 ; : : :; X l . By (c) the digraph D is strong. By (d) D contains a spanning cycle subgraph. Let F be a spanning cycle subgraph of D with the minimal possible number of cycles t. Assume that t 2. Let C 1 ,..., C t be a labeling of the cycles of F determined in Theorem 3.1. By Theorem 3.1, there is a pair of indices q; q 0 2 f1; 2; :::; pg such that the conclusion of the theorem holds. Let us x the labeling and pair of indices above.
If jV (C 1 )j > n=2, we reverse all the arcs in D and relabel the cycles in the spanning cycle subgraph corresponding to F. Hence, we may assume that jV (C 1 )j n=2. Moreover assume that jV (C 1 )j has the minimal possible value. Set W = V (C 2 ) : : : V (C t ). For all i = 1; 2; : : : ; l set z i = jV (C 1 ) \ X i j.
Assume that z q = jV (C 1 )j=2. There are jV (C 1 )j(jV (C 1 )j ? 1)=2 arcs in (V (C 1 ); V (C 1 )) T , and, by Theorem 3.1, there are at most z q (jX q j ? z q ) arcs in (W; V (C 1 )) D . Let i 2 f1; :::; lg. Since z i =jV (C 1 )j 1=2, we have j(X i \ W; X i \ V (C 1 )) T j z i (jX i j ? z i ) jV (C 1 )jbjX i j=2c. Now we obtain the following: 
The direction of the arcs between the vertices non-adjacent so far can be chosen arbitrary.
To see that T is (k?1)-strong, note that the deletion of any k?2 vertices leaves at least one vertex y j i in each of the sets Y j i , and either (a) a vertex z in Z, or (b) an edge s 00 ! s 0 from some X 00 j to the corresponding X 0 j . In case (a), there is a cycle zy 0 1 y 0 2 y 00 1 y 00 2 z remaining, and in case (b) we have the cycle s 0 y 0 1 y 0 2 y 00 1 y 00 2 s 00 s 0 . In either case, every other vertex sends and receives at least one edge to/from the cycle, so the remaining digraph is strong.
Assume that D = T ? l i=1 (X i ; X i ) T is Hamiltonian. In a Hamiltonian cycle of D, after every visit to X l , the cycle must pass through Z before returning to X l since A(D ? Z) (S 0 ; S 00 ) T (S 0 ; X l ) T (X l ; S 00 ) T : However, there are more vertices of X l than of Z, thus there is no Hamiltonian cycle.
2.
Conclusions and open problems
In fact, this paper is concerned with aspects of the following general question. Which sets B of edges of the complete graph K n have the property that every k-strong orientation of K n induces a Hamiltonian digraph on K n ? B? The
Fraisse-Thomassen theorem says that this is the case whenever A contains at most k ? 1 edges. Here, it has been shown that a union of disjoint cliques of sizes r 1 ; : : : ; r l has the property, whenever P l i=1 br i =2c + max 1 i l fdr i =2eg
k: This is the best possible result for unions of cliques. Also, it implies the Fraisse-Thomassen theorem. It seems natural to investigate bounds for k in di erent cases of the set B.
In particular, what are sharp bounds for k when B is a spanning forest of K n consisting of m disjoint paths containing r 1 , ..., r m vertices, respectively ? The same question can be asked if we replace "paths" by "stars" or by "cycles" (in the last case "spanning forest" should also be replaced by "spanning cycle subgraph").
